ABSTRACT: The folding kinetics of proteins is frequently single-exponential, as basins of folded and unfolded conformations are well separated by a high barrier. However, for relatively short peptides, a two-state character of folding is rather the exception than the rule. In this work, we use a Zwanzig-type model of protein conformational dynamics to study the dependence of folding kinetics on the protein chain length, M. The analysis is focused on the gap in the eigenvalue spectrum of the rate matrix that describes the protein's conformational dynamics. When there is a large gap between the two smallest in magnitude nonzero eigenvalues, the corresponding relaxation times have qualitatively different physical interpretations. The longest of these two times characterizes the interbasin equilibration (i.e., folding), whereas the second time characterizes the intrabasin relaxation. We derive approximate analytical solutions for the two eigenvalues that show how they depend on M. From these solutions, we infer that there is a large gap between the two, and thus, the kinetics is essentially single-exponential when M is large enough such that 2 M+1 is much larger than M 2 .
' INTRODUCTION
The kinetics of many long proteins is single-exponential. This implies that folding of such proteins is a two-state process that involves transitions between the folded and unfolded states of the protein, which are separated by a high barrier. However, this is not necessarily the case for short peptides. The goal of the present work is to study how the character of the folding kinetics (i.e., whether the kinetics is single-exponential or not) depends on the protein chain length. We analyzed this question within the framework of a simple model of the protein conformational dynamics that is similar to the model suggested by Zwanzig, Szabo, and Bagchi to study Levinthal's paradox.
1À4
Being simple, the model allows for an analytical solution, which is used to establish the relation between the character of the folding kinetics and the protein chain length. Our results are of particular interest to those researchers who study the folding of short peptides, either experimentally or computationally, with atomic-level detail or using simplified models, 5À24 as their results are frequently interpreted within the framework of simple two-state models. Many theoretical and experimental studies use small homoproteins such as dialanine (Ala2) or pentaalanine (Ala5, the smallest peptide that forms one full helical loop) as test systems.
25À37
Our interest in this problem was initiated by a molecular dynamics (MD) study of the folding kinetics of pentaalanine in explicit solvent, 35, 36 in which it was shown that the folding kinetics is better approximated by a four-state rather than by a two-state model. Figure 1 illustrates some of the most populated unfolded conformational states of Ala5, together with the allhelical folded state. As shown herein, a possible cause for the deviation from a single-exponential relaxation might be the relatively small number of unfolded conformational states available to small peptides. Note that a complex, non-two-state, length-dependent folding kinetics has been reported in experimental studies. 6À8,12,38À41 To analyze the character of the folding kinetics, we derived approximate expressions for the first two nonzero eigenvalues of the rate matrix that describes the conformational dynamics of our model protein. These eigenvalues are important because a large gap between them is a fingerprint of the two-state character of the kinetics. With analytical expressions for the eigenvalues in hand, we analyzed how the gap depends on the chain length of the protein. We checked the accuracy of our analytical results by comparison with the exact eigenvalues of the rate matrix found numerically. The comparison showed that the two agree well if the peptide is not too short. For our model, we found that the kinetics is essentially single-exponential when the chain length M of the protein satisfies 2 M+1 . M 2 .
To be more precise, our model protein must contain nine or more residues to be a good two-state folder.
' MODEL AND METHODS
Consider two-state protein folding described by the kinetic scheme
where U and F denote the unfolded (denatured) and folded (native) states of the protein, respectively, and k F and k U are the corresponding folding and unfolding rate constants. To understand the mechanism of protein folding, one has to establish a relation between eq 1 and the underlying protein dynamics. In our model, the protein is a homopolymer that contains M identical residues, each of which can be in either a folded (f) or an unfolded (u) state. To characterize the state of the residue, we introduce an "indicator", s, and assign s = 0 and 1 to the residue in states f and u, respectively. A protein conformation is completely characterized by a set {s} = (s 1 , s 2 , ..., s M ), where s i indicates the state of residue i, i = 1, 2, ..., M. The number of residues in state u
where k is the rate constant, which is assumed to be the same for transitions in both directions. To introduce a collective behavior, responsible for the folding of our protein, we assume that the unfolding of the first and second residues occurs with the modified rate constants ε 0 k and ε 1 k, respectively, with ε 0 , ε 1 , 1. The precise choices of ε 0 and ε 1 are specified later. Figure 2A illustrates the connectivity network of the conformational dynamics of our peptide of length M = 5. The evolution of the distribution function P m (t) is described by the master equation
where the time t is expressed in units of 1/k and δ mn is the Kronecker delta. This set of equations describes the relaxation of P m (t) to the equilibrium distribution P m eq given by
One can check that P m eq satisfies eq 4 and the normalization condition, ∑ m=0 M P m eq = 1. To determine the parameters ε 0 and ε 1 , we impose two requirements: (i) The probability of finding the protein in the native state (m = 0) is 0.5 (i.e., the calculations are done at the protein melting point), and (ii) the protein in conformations with one unfolded residue (m = 1) makes forward (i.e., 1 f 2) and backward (i.e., 1 f 0) transitions with equal probability. In other words, conformations with m = 1 can be considered as transition states between the folded and unfolded conformations of the protein. These requirements lead to the following values of the parameters
As a consequence, (i) the equilibrium distribution in eq 5 simplifies and takes the form
and (ii) the product ε 1 (M À 1) in eq 4 becomes unity. Figure 3A shows the equilibrium distribution P m eq . In our model, the equilibrium probability of the folded state is always 0.5. Interestingly, the second peak (for the unfolded ensemble) appears only when M > 5. Using eq 7, one can check that P m eq has a minimum at m = 2 for all M > 5. As the size M of the peptide chain increases, the folded and unfolded basins of the peptide's chain become better separated, and the transition state conformations corresponding to m = 1 become less populated. In addition, the distribution of unfolded conformations becomes more and more Gaussian.
The value of m characterizes the "distance" of the conformation from the native state. We chose the number of unfolded residues, m, as a discrete one-dimensional reaction coordinate. The effective conformational dynamics along this coordinate is illustrated in Figure 2B . Note that m is similar to the fraction of native contacts, Q, which has been used as a reaction coordinate in numerous studies of protein folding.
42À45
We use the equilibrium distribution, P m eq , to introduce the potential of mean force, U(m), along the reaction coordinate
where k B is the Boltzmann constant, T is the absolute temperature, and we choose U(2) as the reference such that U(2) = 0 for all peptides. Figure 3B shows U(m) for proteins of different lengths M. Note that (i) the potential of mean force has a barrier only when M > 5, and this barrier is always at m = 2; (ii) the transition state conformations with m = 1 have a lower energy that is independent of the chain length; and (iii) the barrier height increases quickly with M.
In our model, all unfolded (U) conformations with m g 2 have the same energy. This is a consequence of the identity of the forward and backward rate constants in eq 3. The energy of the conformations with m = 1, which form the transition state ensemble (TSE), is k B T ln (1/ε 1 ) = k B T ln(MÀ1) lower than the energy of the unfolded conformations. Finally, the energy of the folded (F) conformation is
lower than that of the unfolded conformations. The dimensionless entropy of each of the three groups of conformations is defined as the natural logarithm of the number of conformations in the group
We use these relations to draw the folding funnels 42,43 for our model proteins of different chain lengths M, shown in Figure 3C , where we chose the energy of the unfolded conformations as zero. Note that the TSE conformations with m = 1 are in the funnel. As the chain length increases, the slope of the TSE-U part of the funnel decreases, whereas the slope of the TSE-F part increases.
' RESULTS AND DISCUSSION
To analyze the character of the relaxation kinetics, one needs to know the eigenvalues of the evolution operator. In vectorÀ matrix notation, the master equation in eq 4 takes the form _ PðtÞ ¼ KPðtÞ ð 10Þ 
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Here, the evolution operator K is the (M + 1) Â (M + 1) threediagonal rate matrix
with matrix elements given by
Eigenvalues, Àλ i , of the rate matrix and the corresponding eigenvectors, u i , are solutions of the eigenvalue problem
The eigenvalue with the smallest magnitude is equal to zero, λ 1 = 0, because the master equation, eq 10, describes the relaxation of the initial distribution to equilibrium. We assume that the eigenvalues are ordered in increasing values of their magnitudes, λ 1 = 0 < λ 2 e λ 3 e 3 3 3 e λ M+1 . When the system consists of two basins separated by a high barrier, intrabasin relaxation occurs much faster than interbasin exchange. As a consequence, the exchange is a memory-less Markov process, and hence, equilibration of basin's populations is single-exponential. The eigenvalues of the evolution operator of such a system have a simple physical interpretation. The smallest nonzero eigenvalue, Àλ 2 , describes interbasin equilibration of the populations, whereas the other nonzero eigenvalues describe intrabasin relaxation to local equilibria in the two basins. The fact that the former process is much slower than the latter leads to the inequality λ 2 , λ 3 , which implies that there is a large gap in the eigenvalue spectrum of the evolution operator.
For our simple model, one can find approximate solutions for λ 2 and λ 3 (see Appendix A)
This allows us to establish the condition of applicability of the two-state description of folding
which is the main result of the present study. We show below that the relaxation is single-exponential to a good approximation for M g 9. In our model, k F = k U = λ 2 /2, and according to eq 14, at large M, we have ln τ F µM, where τ F = 1/k F is the folding time. Note that linear scaling of the logarithm of the folding time with the protein size has been reported in the literature.
46,47 A weaker scaling with the chain length, ln τ F µ M γ , where γ < 1, has also been discussed.
47À52
Finally, we compare the values of λ 2 and λ 3 given in eq 14 to the eigenvalues found numerically by diagonalization of the rate matrix (eq 11). The ratios of the eigenvalues for proteins of different lengths are presented in Table 1 . One can see that eq 14 provides good estimations for λ 2 and λ 3 when M is large enough. As expected, the agreement gets better as M increases. In Table 2 , the ratios λ 3 /λ 2 obtained numerically are compared with 2 M+1 / M 2 , which is the large-M estimation of the ratio that follows from eq 14. Comparison shows that the simple expression 2
M+1
/M 2 appears to be a good approximation for the ratio of the eigenvalues.
One can interpret λ 2 À1 and λ 3 À1 as slow and fast relaxation times of the system, τ slow = 1/λ 2 , τ fast = 1/λ 3 . Figure 4 shows the ratio (τ slow À τ fast )/τ fast , which characterizes the gap between the relaxation times, as a function of the chain length. One can see that the gap quickly increases with M and exceeds 10 for M g 9. Written in terms of λ 2 and λ 3 , the ratio takes the form ( Figure 4 shows that 2
/M 2 is close to the exact values of the ratio obtained numerically even at not-so-large values of M.
In summary, a simple model of the conformational dynamics has been used to analyze how the character of the folding kinetics depends on the chain length of the protein. We found that, to a good approximation, a protein can be considered as a two-state folder when the number of its residues is nine or larger. In view of this estimation, it is not surprising that the folding kinetics of pentaalanine deviates from single-exponential behavior.
35,36
' APPENDIX A When M is large, the potential of mean force U(m) has a wellpronounced double-well structure with a high barrier that separates folded and unfolded conformations ( Figure 3B ). We assume that equilibration in the basin of unfolded conformations, m = 2, 3, ..., M, is a fast process, λ 4 , λ 5 , ..., λ M+1 . 1, so that this basin is always in local equilibrium and
The probability of finding the protein in the unfolded basin at time t, P U (t), is
MðM À 1Þ P 2 ðtÞ ð 17Þ
Using this expression and the fact that P U (t) = 1 À P 0 (t) À P 1 (t), we can write P 2 (t) in terms of P 0 (t) and P 1 (t)
½1 À P 0 ðtÞ À P 1 ðtÞ ð18Þ 
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Substituting this expression into the second equation of the set in eq 4, we find that the first two equations of this set form closed evolution equations for the probabilities P 0 (t) and P 1 (t)
where we have used the relation ε 1 (M À 1) = 1 (eq 6). Equations 19 describe relaxation of P 0 (t) and P 1 (t) to their equilibrium values (eq 7)
Denoting the deviation of P i (t) from P i eq by ΔP i (t), ΔP i (t) = P i (t) À P i eq (t), i = 0, 1, and using eq 19, we find that the deviations satisfy
The second equation can be simplified at large M, because the first term on the right-hand side can be neglected as the factor in front of ΔP 0 (t) is proportional to ε 0 2 , 1, whereas the factor in front of ΔP 1 (t) is close to 2. As a result, the second equation takes the form Δ _ P 1 ðtÞ ¼ À 2ΔP 1 ðtÞ ð 22Þ
From eqs 21 and 22, one can see that the relaxation to equilibrium is biexponential and that λ 2 and λ 3 are given by the expressions in eq 14.
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